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A variation of the total energy of a system of atoms with respect to a change in atomic positions,
i.e., the sensitivity of the total energy, also known as Hellmann-Feynman forces (HFF), is a very
important quantity in the physics of materials. Its efficient evaluation has many applications
such as finding stable atomic positions or in molecular dynamics calculations.
The HFF are the gradients of the total energy (including the interaction energy of atomic
cores) with respect to the movement of atomic centers. According to the Hellmann-Feynman
theorem [3], supposing that a fixed discretization basis is used, the forces can be calculated from
the gradient of the Hamiltonian (energy operator) H
~fi = −∇eTOT = −∇
(
ψ+Hψ
)
= −ψ+∇ (H)ψ , (1)
where the gradient is considered with respect to the shift of atomic centers, + denotes Hermitian
transpose and ψ is the wave function describing a quantum state.
We present several approaches for evaluating the HFF within the density functional the-
ory in combination with nonlocal ab-initio pseudopotentials and the finite-element method, as
implemented in our new real space code for electronic structure calculations [6, 2, 1].
The total energy in the density functional theory is given by (see e.g. [4, 5])
eTOT =
n∑
i=1
wi
∫
ψ+i
1
2
∇2ψi +
∫
ψ+i VEXTψ +
∫
EH(ρ) +
∫
EXC(ρ) + eION , (2)
where VEXT is the external potential,EH is the electrostatic energy,EXC is the exchange-correlation
energy, ρ is the charge density and eION is the atomic core repulsion energy. In our case VEXT is
the sum of pseudopotentials of atomic cores, each of them constituted by a long-range local part
and a short-range nonlocal l-dependent part:
VEXT =
∑
a
(
V a
LOC
+
∑
l
V a,l
NL
P al
)
, (3)
where P al is a projection operator into a l-subspace, spanned by the spherical harmonics basis
Yl,m, of the a-th center.
Following from (1), the gradient of the total energy contains only the terms with the explicit
dependence on atom positions:
∇aeTOT =
∫
∇V a
LOC
ρ+
∑
l,i
wi
∫
ψ+i ∇
(
V a,l
NL
P al
)
ψi +∇eION . (4)
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The most difficult term of equation (4) is the middle one: the nonlocal part of electron-ion
interaction. In the contribution, several approaches to evaluating this term will be analyzed
in terms of convergence properties and computing demands using test calculations on simple
molecules of nitric oxide, carbon dioxide and tetrafluormethane, see Fig. 1, with interatomic
distances scaled by a variable factor.
a NO molecule a CO2 molecule a CF4 molecule
Fig. 1. The self-consistent charge densities ρ of the test molecules
Acknowledgements
This work was supported by the Czech Science Foundation, projects no. GA17-12925S and
GA17-14840S. The first author acknowledges the support by CEDAMNF project, reg. no. CZ.
02.1.01/0.0/0.0/15 003/0000358, co-funded by the ERDF as part of the Ministry of Education,
Youth and Sports OP RDE programme.
References
[1] Cimrman, R., Nova´k, M., Kolman, R., Tu˚ma, M., Plesˇek, J., Vacka´rˇ, J., Convergence study of iso-
geometric analysis based on Be´zier extraction in electronic structure calculations, Applied Math-
ematics and Computation 319 (2018) 138-152.
[2] Cimrman, R., Nova´k, M., Kolman, R., Tu˚ma, M., Plesˇek, J., Vacka´rˇ, J., Isogeometric analysis in
electronic structure calculations, Mathematics and Computers in Simulation 145 (2018) 125-135.
[3] Hellmann, H., A new approximation method in the problem of many electrons, The Journal of
Chemical Physics 3 (1) (1935) 61-61.
[4] Ihm, J., Zunger, A., Cohen, M.-L., Momentum-space formalism for the total energy of solids,
Journal of Physics C: Solid State Physics 12 (21) (1979) 4409.
[5] Pask, J.E., Sterne, P.A., Finite element methods in ab initio electronic structure calculations, Mod-
elling and Simulation in Materials Science and Engineering 13 (3) (2005) R71.
[6] Vacka´rˇ, J., Cˇertı´k, O., Cimrman, R., Nova´k, M., Sˇipr, O., Plesˇek, J., Finite element method in
density functional theory electronic structure calculations, In: Advances in the theory of quantum
systems in chemistry and physics, Springer, 2012, pp. 199-217.
76
